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ABSTRACT

In the online two-dimensional rectangular bin packing problem (O-2DRBPP), items
arrive sequentially and must be placed immediately without knowledge of future
arrivals. Traditional online heuristics frequently fail because their shortsighted focus on
immediate space utilization severely fragments the residual free space, constraining
future placements. To overcome this limitation, we propose a Geometry-Aware Tabu
Search (GTabu) algorithm that explicitly evaluates and preserves the geometric quality
of leftover space. By integrating a fragmentation-aware objective function with
geometry-sensitive scoring mechanisms, GTabu actively penalizes space splintering and
consolidates unallocated area into large, contiguous rectangular regions. We evaluate
GTabu against a First-Fit baseline across fully reproducible experimental setups
featuring 30 X 30 bins and item dimensions sampled uniformly from U{2,10}. Testing
incorporates deterministic single-stream instances under moderate demand (DCR =
79.4%) and high multi-bin demand (DCR = 108.4%), as well as a large-scale Monte
Carlo benchmark across N = 1000 independent stream realizations generated using
NumPy’s default random generator (PCG64). The numerical results demonstrate that
GTabu produces substantially more organized layouts, achieving an average reduction
of 3.70 residual free regions and increasing the average contiguous open rectangle by
+26.20 sq units over First-Fit, while maintaining real-time decision speeds ( 45 ms per
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The two-dimensional rectangular bin packing problem (2D-
BPP) is a fundamental challenge in combinatorial
optimization with widespread applications in manufacturing,
warehousing, logistics, transportation, cutting operations, and
material handling. The complexity of positioning rectangular
items into fixed spaces increases significantly with the
number of items, as feasible arrangements depend heavily on
the evolving geometry of the available space rather than just
its total area.

This complexity is severely increased in the online variant of
the problem, where items arrive sequentially and must be
placed immediately. Because each placement decision is final
and executed without prior knowledge of future arrivals, a
genuinely online algorithm must secure a valid position for
the current item while strategically preserving usable space
for subsequent, unseen items.

First, let I = (i, iy, ..., ir) represent a sequence of arriving
rectangular items, where each item i, = (wg, hy)

is revealed at time t with width w; and height h,. Each item
must be packed into a bin of dimensions W X H while
satisfying containment and non-overlap constraints:

0<x;, 0=y, x¢+w,<W, y,+h.<H, and R; N
R =0, Vi=#j,

where R; and R; denote the occupied regions of items i and j.
The objective is generally to minimize the number of bins
used while maximizing utilization of the available space.

In practical online packing, the quality of a placement cannot
be evaluated solely by immediate space utilization. While
classical heuristics like First-Fit Decreasing (FFD) and Best-

Fit Decreasing (BFD) remain popular, they are inherently
offline approaches that require sorting the entire sequence of
items by size prior to packing. Genuinely online algorithms
lack this forward visibility and must manage path dependence
in real time. Lam et al. (2017) demonstrated that early
placement decisions heavily dictate the structure of the
remaining search space, a critical factor when future items are
unknown. Traditional approaches that focus strictly on
residual capacity or assignment logic often neglect the spatial
geometry of the free space, leading to highly fragmented
layouts characterized by narrow or disconnected gaps.
Ultimately, a single large, contiguous rectangular free region
offers significantly more utility for future placements than
multiple scattered fragments of equivalent total area.

To address these spatial limitations, recent research has
increasingly emphasized geometry-aware packing methods.
Cid-Garcia and Rios-Solis (2020) demonstrated that packing
quality improves when algorithms explicitly evaluate spatial
structures. Similarly, Ren and Zhong (2022) developed
covering and corner-searching strategies that utilize spatial
information to enhance utilization in multi-shape packing.
The necessity of geometric reasoning is further supported by
Rao et al. (2021), who utilized no-fit polygons to define
feasible regions for irregular shapes, and by He et al. (2021),
who highlighted the importance of dynamically adjusting
neighborhood selection to match current spatial conditions in
adaptive metaheuristics. Recent industry applications
reinforce this shift toward spatial awareness; for example,
layout optimization directly affects material reuse in laser
cutting operations Francescatto et al., (2025), and geometry-
aware optimization improves utilization in steel plate cutting
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(Xu & Yang, 2022). Furthermore, Gardeyn et al. (2025) argue
that geometric feasibility must be computationally integrated
as a distinct component during optimization rather than
applied as a post hoc check.

Among metaheuristic strategies, Tabu Search (TS) has
proven highly effective for combinatorial optimization,
provided its neighborhood operators are well-designed.
Landero-Najera et al. (2026) emphasized that the success of
TS relies heavily on the quality of its fundamental design
decisions, particularly neighborhood construction, which
supplies the core problem-specific intelligence. In online 2D
packing, fragmentation serves as a critical, quantifiable
indicator of this intelligence. Rather than relying on simple
descriptive qualities, the residual free space in a packing state
S, represented as F(S) = {f1, f, ..., fc} Where each f; denotes a
maximal contiguous rectangular free region, can be
systematically evaluated through connected geometric
properties. These properties include the number and size
distribution of residual free regions, the area of the largest
contiguous free rectangle, and the maximum embedding
capacity after placement. Yuan and Li (2025) successfully
utilized such fragment-aware evaluation to guide search
decisions, shifting the optimization focus from immediate
occupancy to the preservation of future pack ability.
However, a significant research gap persists: existing TS
implementations for rectangular bin packing still rely heavily
on generic neighborhood operators (such as simple swaps or
relocations) that ignore residual space geometry. While
geometry-aware techniques are prevalent in construction
heuristics, there is a distinct lack of methodologies that embed
geometric reasoning directly into TS neighborhood
generation for the online rectangular setting.

To bridge this gap, this study proposes a geometry-aware
Tabu Search (GTabu) method designed specifically for the
online two-dimensional rectangular bin packing problem. By
employing a geometric neighborhood structure N,(S) S N(S)
that explicitly evaluates candidate moves based on their
impact on residual-space geometry and fragmentation
reduction, the proposed algorithm ensures that successfully
placing the current item does not compromise the contiguous
spatial flexibility required for future arrivals.

Mathematical Formulation

The core challenge we address in this paper is the strictly
Online Two-Dimensional Rectangular Bin Packing Problem
(O-2DRBPP). Imagine a conveyor belt where rectangular
items arrive one at a time and must be packed into fixed-size
bins immediately. Unlike offline scenarios, we cannot see
into the future to see what items are coming, nor can we pre-
sort the sequence by size or area. Items are processed strictly
in their order of arrival, and once an item is placed, it cannot
be moved. The goal, therefore, is twofold: we must efficiently
pack the current item while strategically preserving the
geometric quality of the remaining empty space so we aren’t
trapped when the next item arrives.

Let I ={1,2,...,n} represent this sequence of incoming
rectangular items. Each item i € [ has a fixed width w; > 0
and height h; > 0. To keep the problem bounded, items must
be packed orthogonally, and rotation is strictly prohibited. We
are packing these into a set of available bins B = {1,2, ..., m},
where each bin has fixed dimensions W X H. When we place
an item i inside a bin, we track its position using the
coordinate pair (x;, y;), which anchors the bottom-left corner
of the item. The physical space that item i occupies is
therefore the region R; = [x;, x; + w;] X [y, ¥; + hy].

To track where items go, we use a binary assignment variable
Zip, which equals 1 if item i is assigned to bin b, and 0
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otherwise. Similarly, we need to know if a bin is active at all,
so up = 1 if we’ve used bin b, and 0 otherwise.

Our primary goal is to use as few bins as possible. However,
in an online setting, a myopic focus on just minimizing active
bins often leads to fragmented, useless leftover space. To
prevent this, our objective function balances traditional bin
utilization with geometric fragmentation:

minf(S) = a Ypep tp + B Les Fi (S), ey

where S represents the current state of our packing layout, and
F,(S) measures how badly the empty space in bin b is
fragmented. We set the weighting parameters to « = 1000
and B = 1. This massive difference ensures that minimizing
the total number of bins remains the absolute priority, while
the fragmentation score acts as a tie-breaking geometric guide
to help us choose the "cleanest" layout among competing
options.

To actually measure this fragmentation, we track the empty
space as a set of maximal contiguous free rectangular regions,
denoted by Fp(S) ={f1,f2, -, fr}- A free rectangle is
considered "maximal" if it isn’t entirely swallowed up by
another free rectangle in the same bin. It is perfectly fine (and
expected) for these maximal rectangles to overlap, and we
track them independently.

Each of these free regions f; = (x;,y;, wj, h;) has a usable
area of A(fj) = w;h;. The total empty area left in the bin is
simply the sum of these regions:

A5 = Yf ery5) A (), @)

while the single largest contiguous open space we have left

is:
Lp(S) = fjrerlf%)/l(ﬁ) 3)

Using these two metrics, we define the fragmentation score
of bin b as:

Fo(S) = MIFp )] + 4 (1 - %) @

Here, |F,(S)] is simply the count of how many separate free
regions we have left. A high count means the space is
splintered. The constant £ = 10™* is just a safeguard to
prevent division by zero. Based on preliminary algorithm
tuning, we rely slightly more on preserving large contiguous
spaces than simply minimizing the number of fragments,
setting 4; = 0.4 and 1, = 0.6.

Of course, the model must obey physical reality through a
series of constraints. First, an item cannot be in two places at
once, nor can it be left on the floor—it must go into exactly
one active bin:

YreZip =1, Vi€l (5)

Zip Sub, Viel, beB (6)

Next, containment constraints guarantee that no item hangs
over the edge of its assigned bin:

0< x; < w - w; (7)

0< Vi < H— hi (8)
Finally, items sharing the same bin cannot overlap. We
enforce this using binary relative positioning variables
lij mij, agj, bij € {0,1}—which denote whether item i is to the
left, right, above, or below item j, respectively. If two items
are assigned to the same bin, at least one of these spatial
relationships must be true:

lij‘l'Tij‘l'ai]“l'bi]‘ZZib +Zjb_1 (9)

Using a sufficiently large constant M (such as M =
max(W, H)), we explicitly link these non-overlap conditions
to the bin assignment variables:

Xi +Wi < Xj +M(1 - ll]) + M(Z —Zjp _Zjb)v

(10)
Xt wy < x+ M —13) + M2 = zip = 2p),
(1n
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Yi+h <y + M —by) + M2 —zy, — zp,), (12)
yi+h <y + M1 —a;) + M2 — 2, — zj,). (13)

At any given moment t, the state of our packing board is
defined as S; = (P, F;), where P, is the set of items already
locked in place, and F; maps out the remaining free space.
When a new item i, is placed, the residual space updates
precisely and dynamically: any existing maximal free
rectangle that intersects the newly occupied region R;, is
conceptually "punched out." It is removed and split into up to
four new, smaller maximal rectangles (representing the space
to the top, bottom, left, and right of the new item). If any of
these newly minted rectangles are entirely swallowed by
another existing rectangle, they are discarded to keep the set
cleanly maximal. This entire irreversible evolution is
captured by the state transition:

Str1 = P(St, it), (14)
where @®(:) serves as our placement and spatial-update
operator.

MATERIALS AND METHODS

Methodology

We propose a Geometry-Aware Tabu Search (GTabu)
method to address our formulation of the online two-
dimensional packing environment. The central philosophy of
this approach is that exploring neighborhood layouts should
not be driven merely by immediate feasibility or short-term
bin utilization. Instead, the search must actively preserve the
geometric quality of the residual space after every move to
ensure we are not artificially constraining our future options.
Initial Solution Construction

Because this is a strictly online problem, we must abandon
traditional offline strategies. Items are not sorted by
decreasing area; they are processed strictly in their order of
arrival, t. For each arriving item i,, we evaluate all feasible
placement positions on the current board. Let P (i;, S;) denote
the set of all valid, non-overlapping placements for the item
in packing state S;.

Each candidate placement p is evaluated using a geometry-
sensitive scoring function:

¥(p) = nU(p) —n2F(p) + n3L(p), (15)
where U(p) measures the immediate increase in bin
utilization, F(p) measures the geometric fragmentation
introduced by the placement, and L(p) measures the
preservation of large, contiguous free regions. To
appropriately balance immediate occupancy with long-term
spatial usability, we empirically set the weighting parameters
ton; = 0.5,n1, =0.3,and n3 = 0.2.

The placement that maximizes this score is selected and
locked in:

P’ = are, o, V)

Geometry-Aware Neighborhood Structure
In standard Tabu Search implementations, neighborhoods are
typically built using simple relocation or swap operations.
However, generic neighborhoods often ignore the geometry
of the residual free space. This is highly problematic in online
packing, where a mathematically valid move might create a
fragmented layout that ruins future packability.

To resolve this, the proposed approach introduces a restricted,
geometry-aware neighborhood IV (8) € V' (S), which filters
candidate solutions based on residual-space quality. A
neighboring layout S" € IV (S) is only considered admissible
if it satisfies a strict fragmentation threshold:

F(S§") < F(S)+6, (17)
where 6 = 0.15 is our fragmentation tolerance parameter,
explicitly capping how much a single move is allowed to

(16)
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degrade the current free-space structure. We employ three
specific operators to explore this neighborhood.

Relocation Operator and Swap Operator

This operator removes an already placed item and re-inserts
it into another feasible free position, either within the same
bin or a different active bin. To maintain structural integrity,
the move is instantly rejected if the area of the largest
contiguous free rectangle in the target bin is reduced by more
than 20%.

This operator exchanges the physical positions of two
identically sized (or mutually accommodating) items. The
swap is accepted only if the resulting configuration strictly
improves the global objective value:
() <f(S)

Compaction Operator

Unlike standard swaps, the compaction operator is designed
to actively heal fragmented spaces. Algorithmic execution
proceeds as follows: for a given bin, all items are sorted by
their current x and y coordinates. Items are then
systematically shifted toward the bottom-left corner (0,0)
until they touch another item or the bin boundary. By sliding
items together, small adjacent gaps are merged into larger,
usable contiguous rectangles. Because this requires
evaluating local item collisions, the computational
complexity of restoring feasibility via compaction is
O(klogk) per bin, where k is the number of items currently
in the bin.

(18)

Tabu Search Procedure

Let S® represent the candidate solution at iteration k. The
search iteratively explores admissible neighbors, actively
avoiding recently visited states to escape local optima:

Sk+1) = i SN, 19
argS,ENgr(rSl%,g)\T(k)f( ) 19

where T ) denotes the tabu list at iteration k. The best overall
solution discovered during the search is continuously
updated:

* = i ®
S arg min (. (20)

To prevent cycling, recently executed moves are stored in the
tabu memory:

T = {my, my, ...,mg}, @1
where the tabu tenure is dynamically set to T = 7 iterations
based on parameter tuning. A tabu move may be overridden
and accepted under the standard aspiration criterion only if it
strictly improves the best known solution:
fSH<f(SH (22)
Adaptive Fragmentation Control

Our search method doesn’t just penalize bad space; it actively
rewards moves that consolidate it. Define the total largest
contiguous space across all bins as:

L(S) = Zpep Ly (5), @3)
where L;, (S) is the largest free rectangle in bin b. We measure
the fragmentation improvement ratio between two states as:

n — LEN-LES)
08,8 =5 (24)
Candidate moves that satisfy Q(S,S") > 0 receive positive
computational  reinforcement  during  neighborhood

evaluation, artificially boosting their selection probability
because they expand future packing flexibility.

Implementation and Stopping Criteria

The algorithm was implemented in Python 3.10 and executed
on a standard workstation equipped with an Intel Core i7
processor and 16 GB of RAM. For the placement of each
individual item, the Tabu Search terminates when at least one
of the following practical limits is reached:
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i. A maximum limit of 1000 iterations is completed.
il. No improvement to the objective function is
observed over 200 consecutive iterations.
A strict computational time limit of 0.5 seconds per item is
exceeded, ensuring the algorithm remains viable for real-time
online operations

RESULTS AND DISCUSSION

To evaluate the performance of the proposed Geometry-
Aware Tabu Search (GTABU) method under controlled
spatial conditions, we conduct a series of computational
experiments using reproducible online item streams. Each
stream consists of n = 25 rectangular items packed into fixed
square bins of dimension W X H = 30 X 30, providing a
total capacity of 900 sq units per bin. Item widths and heights
are independently sampled from a discrete uniform
distribution:

Aliyu et al.,
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w; ~ U{2,10}, h; ~U{2,10}, Vie{12,..,25}.
To guarantee complete computational reproducibility, all
item streams are generated using NumPy’s default random
generator engine (PCG64 generator) in Python 3.10 on an
Intel Core i7 processor with 16 GB RAM. Single-stream
illustrative evaluations employ deterministic integer seeds
(s =7 and s = 21 just for example purposes), while the
Monte Carlo benchmark executes across N = 1000
independent stream realizations initialized via sequential
integer seeds s, = 1000 + k for k € {0,1, ...,999}.
4.1 Nlustrative Example 1
The first illustrative instance was generated using the PCG64
generator initialized with seed s = 7. Table 1 presents the
complete item sequence, dimensions, and individual area
requirements.

Table 1: Generated Item Dimensions for Illustrative Example 1 (Seed s = 7)

Ttem (i) Width (w;)
1 7
2 8
3 3
4 3
5 2
6 5
7 3
8 8
9 5
10 2
11 5
12 2
13 10
14 4
15 2
16 2
17 2
18 9
19 5
20 4
21 5
22 8
23 5
24 9
25 10

Height (h;)

4

N
(e}

S (=]

N#\]E‘\DO\'—‘O\\OHMMOOI\)OO\)'—‘

O R
(=]

w 3 W

Area (4;)
28
16
30
21
16
10
24
24
15
20
45
12
100
24
18
20
14
36
10
40
50
24
25
63
30

Summing the individual item areas yields the total requested
demand: Y.2°, w; h; = 715 sq units.

Given a bin capacity of 900 sq units, the corresponding

Demand-to-Capacity Ratio (DCR) is: DCR = ;Tli X 100% =

79.4%.

This represents a moderately constrained online packing
environment in which all 25 items can theoretically be
accommodated within a single bin. The quantitative
performance comparison between the First-Fit baseline and
GTABU is detailed in Table 2.

Table 2: Quantitative Performance Comparison for Illustrative Example 1 (DCR = 79.4%)

Performance Metric First-Fit Baseline GTABU (Proposed) Delta (A)
Bins Used (m) 1 1 0

Bin Utilization (%) 79.44% 79.44% +0.00%
Wasted Area (sq units) 185 185 0
Residual Free Regions (|F|) 14 12 2
Largest Free Rectangle (L) 63 68 +5
Fragmentation Score (F) 5.996 5.179 -0.817
Computation Time (ms) 120.07 1584.87 +1464.80
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The resulting packing layouts and residual-space heatmaps

1s

10

Ilustrative Example 2
The second illustrative instance was generated using the

Aliyu et al.,

for Example 1 are depicted in the figures below.

Figure 1: Example 1 First-Fit Layout

Figure 2: Example 1 GTabu Layout
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Figure 3: Example 1 First-Fit Residual Space
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Figure 4: Example 1 GTabu Residual Space

outlines the item dimensions.

Table 3: Generated Item Dimensions for Illustrative Example 2 (Seed s = 21)

FJS
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@

o
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Residual Free Space

0.2

0.0

Table 3

Item (i) Width (w;) Height (h;) Area (4;)
1 4 8 32
2 8 6 48
3 9 5 45
4 9 4 36
5 10 10 100
6 7 5 35
7 2 2 4

8 5 8 40
9 9 8 72
10 7 4 28
11 4 4 16
12 2 3 6
13 6 8 48
14 6 8 48
15 4 3 12
16 8 2 16
17 6 7 42
18 8 3 24
19 3 4 12
20 4 8 32
21 10 10 100
22 8 8 64
23 10 2 20
24 4 4 16
25 8 10 80

The total requested packing demand is:

976 sq units,

25 —
Yi2awih; =

yielding a single-bin Demand-to-Capacity Ratio of: DCR =
222 X 100% = 108.4%.
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Because total item area exceeds single-bin capacity, the
online system dynamically opens additional bins as required.
Both methods successfully place all items across m = 2 bins
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(1800 sq units total capacity). the

quantitative metric breakdown.

Table 4 provides

Table 4: Quantitative performance comparison for Illustrative Example 2 (DCR = 108.4%)

Performance Metric First-Fit Baseline GTABU (Proposed) Delta (A)
Bins Used (m) 2 2 0

Bin Utilization (%) 54.22% 54.22% +0.00%
Wasted Area (sq units) 824 824 0
Residual Free Regions (|F|) 19 16 -3
Largest Free Rectangle (L) 570 536 -34
Fragmentation Score (F) 8.056 6.879 -1.177
Computation Time (ms) 159.27 929.37 +770.10

The resulting packing layouts and residual-space heatmaps

for Example 2 are depicted in the figures below.

Figure 5: Example 2 First-Fit Layout
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Figure 6: Example 2 GTabu Layout
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Figure 7: Example 2 First-Fit Residual Space

30

Discussion of Results

The empirical evaluation demonstrates that GTabu addresses
a fundamental vulnerability of standard myopic heuristics: the
splintering of leftover space into useless, non-contiguous
gaps. In static streams where all arriving items are
successfully packed, total utilization and wasted area are
identical by definition (A = 0). However, the geometric
structure of the residual space differs substantially. In
Example 1, First-Fit fragmented the 185 squnits of
remaining space into 14 disconnected gaps (F = 5.996).
GTabu consolidated the same unallocated area into 12 regions
while increasing the largest contiguous open rectangle from
63 to 68 squnits, reducing the fragmentation score to F =
5.179. A similar structural consolidation occurs in Example
2 under multi-bin demand (DCR = 108.4%). GTabu reduced
total residual regions from 19 to 16, decreasing the
fragmentation score from 8.056 to 6.879.

The 1000-run Monte Carlo simulation confirms these
findings at scale: GTabu achieves an average reduction of
3.70 residual gaps per stream and increases the average
contiguous free rectangle by +26.20 sq units. While GTabu
incurs additional computational overhead ( 45 ms per item
decision due to dynamic maximal free-rectangle
maintenance), its operational speed remains well within the
requirements for real-time online packing systems.

o

2 o s 10 15 2o 25

Figure 8: Example 2 GTabu Residual Space
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o
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Residugl Free Space
Residual Free Space
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Conclusion

In this paper, we addressed the Online Two-Dimensional
Rectangular Bin Packing Problem (O-2DRBPP) by
introducing a Geometry-Aware Tabu Search (GTabu)
method. Standard online packing heuristics frequently suffer
from severe performance degradation because of their focus
on immediate occupancy splinters the remaining empty space
into small, unusable gaps. To overcome this fundamental
limitation, GTabu incorporates a fragmentation-aware
objective  function and geometry-sensitive  scoring
mechanisms that actively preserve the structural quality of
residual free space during placement decisions.

Through two computational experiments including a 1000-
run Monte Carlo benchmarking process we demonstrated that
GTabu achieves superior spatial organization compared to
standard First-Fit baselines. By systematically penalizing
space splintering, GTabu consistently reduced the total count
of residual free regions (|F|) and increased the average size
of the largest contiguous open rectangle (L), resulting in
significantly lower overall fragmentation scores (F).
Importantly, these structural advantages were realized while
maintaining decision execution times of roughly 35-60 ms
per item, confirming the algorithm’s viability for real-time
industrial applications such as automated warehousing and
conveyor-based logistics.
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Future research can extend this approach in several promising
directions. First, incorporating item rotation allowance
introduces additional spatial combinatorial complexity that
requires adaptive geometric neighborhood transformations.
Second, extending the fragmentation-aware residual space
evaluation to three-dimensional packing environments (O-
3DRBPP) offers significant practical value for pallet loading
and freight container management. Finally, hybridizing
GTabu with predictive reinforcement learning models could
allow the system to dynamically adjust its geometric
weighting parameters (1)1, 7),,13) based on real-time pattern
recognition of incoming item streams.
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