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ABSTRACT

In this work, we develop and analyze a six-compartmental mathematical model on brain
drain dynamics within a source country. The compartments of interest include the source
population, employment opportunities, frustrated population due to corruption,
unemployment population, immigrants, and emigrants. In addition, the work explores the
impacts of anticipated rewards, talent retention, and media awareness on changes in the
above compartmental populations. We explore non-negativity and boundedness of the
system, determine brain-drain-free and persistent equilibria, compute the basic
reproduction number, and investigate parameter sensitivity. For the initial population, we
use statistical data of Nigeria's National Bureau of Statistics while others are from the
literature or are assumed. With the updated baseline parameter set, the value of Ro is
0.0126874 which is less than one and meets the threshold condition for the local
asymptotic stability of the brain-drain-free equilibrium under the assumed conditions.
Numerical solution of the model is obtained using the restarted two-correction scheme of
Laplace-Adomian decomposition method (LADM) algorithm and analyzed using Radau
IIA and LSODA algorithms. With reduction of the time step, the maximum scaled error
is decreased from 8.20 x 10 to 8.19x10 8while the maximum scaled difference
between Radau ITIA and LSODA is approximately 1.82x10711.The Scenario results
provide away to compare how selected parameter values relate to the modeled corruption-
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INTRODUCTION

Brain drain refers to the emigration of skilled individuals
from their country of origin resulting in the reduced
availability of human capital in crucial sectors to support
economic and institutional development (Docquier &
Rapoport, 2007). The term Japa, common in Nigeria, refers
to emigration or the act of leaving one’s country in search of
better employment and living conditions overseas (Adeniji et
al.,2024).

Migration decisions depend not only on present economic
conditions but also on potential future opportunities,
individual aspirations, access to information, and other
tangible and intangible aspects influencing the timing,
intention, and location of migration (Czaika et al., 2021).
(Adeniji et al.,2024) introduced a mathematical “Japa model”
representing  the source  population, employment
opportunities, emigrants, and returnees. The current study
builds upon this by introducing two (2) state variables;
unemployed individuals and the population of corrupt
individuals and incorporates anticipated rewards, talent
retention, and media awareness factors that could influence
the rates of migration. This addition enables the analysis of
labour-market and corruption-related issues and their
implications for emigration and return migration within the
confines of the proposed system (Adeniji et al.,2024). The
total projected population for 2022 (216,783,381) from (NBS,
2023) was used as the baseline for the source population

(NBS,2023). The six variables source population, available
employment opportunities, population of corrupt individuals,
unemployed people, emigrants), and returnees play different
roles in the system. Available employment opportunities have
been incorporated to reflect the home labour market’s role in
the migration processes described by the model. Similarly,
the study includes unemployment and corruption as control
variables since the research focuses on how these factors
influence emigration and return migration. Finally,
anticipated rewards, talent retention, and media awareness are
considered important model factors; thus, their relationships
with the other variables should be interpreted with caution as
the indicated equations and scenario analyses assume specific
underlying theoretical expectations rather than presenting
these associations as guaranteed policy outcomes. Return
migration presents additional importance as returning
migrants could contribute to the overall skill-endowed
population and affect broader re-entry conditions depending
on their competencies and the environment upon return (King
& Kuschminder,2022).

Therefore, this study aims to formulate and analyse a six-
compartment extension of the Japa model that incorporates
employment opportunities, corruption, unemployment,
emigration, and return migration and investigates the
assumed roles of anticipated rewards, talent retention, and
media awareness using equilibrium, threshold, sensitivity,
and numerical-scenario analyses.
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Mathematical Model Formulation
The model equation is;
§=A—[>’(1—S)SD—aSP—uS+yR+pR+nSC+aSC
& = (1 —DP—11P — pCP —YPU — P
% = pCP —1SC — 0SC — uC
ey
Z—Z:lpPU—nUR—uU
% = B(1-€)SD — ODP — xDe™MP — uD
% = 6DP + aSP + xDe™™P — yR — pR — R + nUR
Table 1: Nigeria Total Projected Population Distribution by Sex, 2018-2022
Year Total Male Female
2018 196,042,933 98,263,945 97,778,988
2019 201,135,262 100,739,423 100,395,839
2020 206,283,338 103,242,979 103,040,359
2021 211,493,324 105,776,862 105,716,462
2022 216,783,381 108,350,410 108,432,971
Source: National Bureau of Statistics (2023). Annual Abstract of Statistics 2023, Table 13, p. 16
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Figure 1: Nigeria Total Projected Population Distribution by Sex
Table 2: Model Variables
Variables Variable Unit Baseline Value Scenario Value Source/References
description
(population)
S () Skilled/eligible persons 216,783,381 216,783,381 (Adeniji et al.,2024)
people remaining in
the home country
P (t) People who have persons 42,500 42,500 (NBS,2023):0.85x50,00
Secured employment slots
in the home country
D (1) Skilled emigrants persons 460,743 460,743 (Adeniji et al.,2024)
residing outside the
home country
C(v) Corruption- persons 350,000 350,000 Asumed
frustrated individuals
in home country
u(®) Unemployed people persons 9,755,252.15 9,755,252.15 (NBS,2023):4.5%  of
in the home —country S(0)

labour force
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Variables Variable Unit Baseline Value  Scenario Value Source/References
description
(population)
R (1) Returnees to home persons 13,917 13,917 (Adeniji et al.,2024)
country
The entire human population at time (t) is given by
N@)=S@)+D()+ P(t)+C(t) +U(t) + R(t),
Table 3: Model Parameters
Symbol Baseline Value Scenario Parameter Unit Source/Reference
Value Description
A 8,086,020.11 8,086,020.11 Recruitment into S Persons/year (NBS,2023)
(0.0253+0.012) X
216,783,381.
B 2.198712676 2.198712676 Coefficient of the S to  Person™lyear™ Assumed
x 10711 x 10711 D migration flow
B —¢€)SD
a 2.8868 x 10712 2.8868 Coefficient of the S to  Personlyear™ Assumed
x 10712 R flow aSP
€ 0.9 0.9 Talent-retention Dimensionless Assumed
effectiveness
0 1x1077 1x1077 Coefficient of the D to  Personlyear™ Assumed
R flow 6DP
p 0.012 0.012 Natural mortality rate ~ year™! Assumed
T 0.03 0.03 Intrinsic growth rate in ~ year~?! Assumed
the P equation
1 0.000193 0.000193 Depletion/utilization year~! (Adeniji el
rate in the P equation al.,2024)
Y 0.05 0.05 Rate coefficient for the year™! Assumed
R to S flow YR
K 1,259,750 1,259,750 Carrying capacity for P Persons Assumed, based
in logistic growth term on (NBS,2023)
p 0.5 0.5 Rate of media year~?! Assumed
awareness associated
coefficient of the R to
S transfer
M 0.003 0.003 Coefficient in the Person™! Assumed
exponential factor
e—MD
X 0.03 0.03 Migration  influence year™! Assumed
rate
E 2.718281828 2.718281828 Natural  exponential Dimensionless Mathematical
constant Constant
@ 1.758970141 x 10~° 1.758970141 Effect of person~lyear™! Assumed
x 1077 unemployment
coefficient of the P to
C interaction term
n 1.319227606 x 10~° 1.319227606 Anticipated rewards in  person~'year~! Assumed
x 107° the home country
associated coefficient
inthe Cto S
a 1.099356338 x 10~°  1.099356338 Rate of Corruption year™! Assumed
x 107°
s 1.319227606 x 10~°  1.319227606 Influence rate of person~lyear™! Assumed
x 107° returnees on
Unemployment
Y 1.978841 x 1080~° 1.978841 Employment personlyear™!  Assumed
x 10807° Opportunity depletion

rate
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Parameters

Sensitivity Index

T DM ™ >

N
= o

X A=

+1.000000
+1.000000
-3.84x107°
-9.000000
-0.640333
-0.671244
-0.438458
+0.006940
+3.4172 x1077
-0.640336
+3.42172 x107°
-0.256905

Figure 2: Schematic diagram of the improved six-compartment Japa model

Mathematical Analysis

To understand the mathematical characteristics of the new six
compartment model we can study whether a solution exists,
is unique and non-negative and determine the boundedness of
the feasible region by using common ODE theorems
(Birkhoff & Rota,1989). Next we find the steady states and

Non-Negativity of Solutions
0+={(S,P,C,U,D,R) € R®:S,P,C,U,D,R = 0}

compute the basic reproduction number using the next

Theorem: Suppose all parameters are non-negativeand 0 < e <1

For any initial condition
(5(0), P(0), C(0), U(0), D(0),R(0) ) € 2,

generation matrix method (Van den Driessche
Watmough,2002) Finally we explore the stability of our
equilibria by using the given Jacobian and Lyapunov
methods. Where applicable, the invariance principle is used
by applying LaSalle’s theorem (LaSalle,1960).

&

Proof: The right-hand sides of system are locally lipschitz, so a unique local solution exists. To show that the solution cannot

leave2 +. Evaluate each equation on the boundary where its corresponding compartment is zero.

S=0:S=A+(+p)R=0

P=0:P=0
C=0:C=0
U=0:U=0
D=0:D=0

R=0:R=60DP+ aSP +xDe ™P 4 gUR > 0

R =0:R = 0DP+x SP+ xDe™P + AUR = 0
Hence, (S(t), P(t), C(t), U(t), D(t), R(t)) € 02,

For all t in the solutions interval of existence.
Therefore, all compartments remain non-negative.o

FUDMA Journal of Sciences (FJS) Vol. 10 No. 24, December, 2026, pp 93 — 105

96



Mathematical and Scenario Analysis... Adebisi et al., FJS

Boundedness and Invariant Region

Ny@®) =S +P)+C)+U®) +D(t) +R(L)

Theorem: suppose the compartments and parameters are non-negative, K>0 and p>0. For every non-negative initial condition,
the solution remains bounded in the feasible region defined below.

Proof:

th p
¢ N Frop =) —1ip — il

Forp = 0 a”dro >0
P rok
Top = (l—E) ST,—rlp <0
Therefore,% <A+ % —uNpLetA = A+ 1 k/4.The differential inequality gives Nj(t) < N(0)e ™t + % (1—-e#) <

max{ Ny (0), %}Thus, defineN max{}, MrTOk/“ } The p-equation can be written
max

dp p

¢ =Pl =) =1 —pc —ypU — p]

Because C,U = 0 and the relevant parameters are non-negative % <rop(1 - z)

Hence p(t) < pmax, Where p max{,,q,, Consequently, the feasible region

2={(,P,C,UD,R)ER,® P <PysxS+P+C+U+D+R < Nyux}

Is bounded.[Birkhoff and Rota 1989). o

Brain-Drain-Free Equilibrium

Let g = y + p + pu At equilibrium, with D= C=U=0% the p-equation becomes.

*

_p[r,,(l f%)frl - u]

0= For positive employment, -*  this gives
! AU
k(1 -21—=
P =k rn )
ro2htp

The R-equation at this equilibrium gives

aS*P*
0= aS"P* — qR",R* =

Using this expression in the S-equation,
0=A—aS*P*—uS*+ (y + p)R*

A aP* A
S'=——pR=—"7"—
na+=) a
ap” A r+
E" = aP* ,p*,o,0,0,iiap* P =k(1 - 1r -
n(1+=0) T ua+=m o

Ifry <7+ pp* < 0.6, = (4/,,0,0,0,0,0)

Brain-Drain Endemic Equilibrium

At equilibrium, C=0 and C*>0, SO S* = (0;;;” From D=0 with D*>0
L1 —&)S*—6P* —xe™MP —y =0>

Which gives.D" = — n (EE95202 )\ 300 0<
D*>0, U=0 with U*>0

B(l—s)S*—BP*—u<1
x

P —
PR il
T[ *
e )
®
U* = (y+p+wR —0D*P* —aS*P* — xD*e™MP

mR*
0=A-F1—-e)SD*—aS*P*—uS*+ (¥ +p)R"+ (n+0)S*C*
E* — (S*,P*, C*, U*,D*,R*)

Basic Reproduction: Number for Brain Drain

For the brain drain- free equilibrium, D* = C* = U* = 0 While
S*, P*,and R*Positive

Eq = (S0, Py, 0,0,0,Ry)

D* = B(1—&)SD — (6P + u)D — xDe™MP
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F=[B(1—¢)SlV=1[0P+x+u]
1

Vl=e—-—"—
P +x+u
_1= _ S,
V= B0 = Sillgp— ]
ﬁ(l—f)So]
B —€)So
Ry=p(FV )y ="—7"
0= p( ) 0Py +x+u
k@ r1+u) A
Po = - »So = a
7 Po
0 (“(1+y+p+u)
R Bl —-¢e)A
0:
ak(l——rl:-“) _—_
-~ 07 _nTH
ull+ Y o T o [Bk(l T )+x+u]
We get
0.0126874<1,
Ro<1

Local Stability of the Brain-Drain-Free Equilibrium
Do = k(l —T1+#),TO>T1 +,U,C* =U*=pP*=0
[

T
A R _ (ZSOPO
T ab, y reto T qu
A(1+ e #)
Here Riet,o is the equilibrium number of returnees;
At this equilibrium, the jacobian in the order (S, P, C, U, D, R) is

SO=

—afb-u -as, (n+0o)S, N — B-8)S, \
ZhoPy
0 k —¢h, —yh, . ,
0 o R-O1+o)S,—u ) 0 :
- p—
0 0 0 WIU fd{rw.o H o o
0 0 0 0 B-&)S, -0 —x—u .
ab, as, 0 R, .o OF, + x —(g+ )
AtD=0
o —MDpy — (— _ B1-8)S,
ap (XDeTTD =07 5o Ro = 0Py +x+u

The characteristics equation factors into six eigenvalue factors are
—ToPo
Ap = X Ac=@po— (M +0) — Ay =YPy — TRyero —
Ap =B —¢€)So— 0Py —x—pu=(0po+x+u)(Ro—1)
As— g = —(aPo+v+p+u)
The brain-drain-free equilibrium is locally asymptotically stable if
Ro<1, 9Po<(n + 0)So + pt, YPo<TRyer o + I
This under stated parameter mapping, the brain drain-free equilibrium is locally asymptotically stable

Table 5: The Eigenvalues

FJS

Mode Eigenvalue year—!

Ac -1.640405

Ay -0.010524

Ap -0.115293

Ap -0.017807

As -0.012000

Ar -0.562002
Global Stability of the Brain-Drain-Free Equilibrium

T+ A asyp

Let EO = (SO,PO’ 0,0,0, RRET,O)' PO = K(l — 1r0 )’SO = m'Rret,o = y+;+l?u

Assume solutions lie in a bounded positively invariant region
So,with0 <S<S5,0<P<P0<D<Z<D
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Hence S, 13, l_) are symbolic upper bounds on that region.

Theorem:

Suppose 8¢ = u — @P >0,y = u —PYP>0,86p = u + xe™MP — pS>0
Define E=C+U+D
From the model equations
E=C(pP—aS—u)+U@P —nR —u) + D(bS — OP — xe ™D — )
Since S, P, D > 0, the assumed bounds give
E < —-6.C —6yU —6pD < —=6E
Where 8 = min{8,, 8,6 }>0.
Therefore, C(t), U(t), and D(t) tend to Zero.
For P>0, define
Wp(P) = P — P — P*In(z%)
This function is non-negative and equals zero only when p = p*using the p-equation,
. T
Wp(P) = =2 (p —p")? = (0 = p")(@C + YU)
LetZ = (S —S*, R — R*)"Where C=U=D=0 and P=P*,
The linear system for S and R has matrix
AZ(—(aP*ﬂO y+p )
aP* —y+p+uw
Its trace is negative and its determinant is
det(A) = u(q +ap)>0
Thus, A is Hurwitz. Consequently, there exists a positive-define matrix H satisfying
ATH + HA = —1
The equations for Z can be written as
Z=Az + f(¢),
Where the components of f(t), are
fi(t) = —bSD —aS(P — P*) + aSC
F,(t) = aS(P — P*) + ODP + xe™MPD + nUR
All variables are bounded in Q. Hence, for some
Constant  L>0.
If(®) Il <L(E+|P—P).
SetW =Wp +ZTH 2
The preceding relations imply that constants C>0 and L;. >0 exist such that

W<—C(P-P)Y+Z I”+ LIE\/(P -P2+lz |2

Now Consider the lyapunov function

V=E+Kw Where k>0 is chosen sufficiently small because E is bounded on Q.
SothatV < —SE-“((p—-p)+1Z 12

For every state in Q except Ey Where v = 0.Also, V = 0 and V=0 only at Ej
Therefore E, is globally asymptotically stable relative to 2 N {p(0)} >0.

MATERIALS AND METHODS
Numerical Simulation Via Laplace Adomian Decomposition Method

FJS

We decompose the unknown compartments using the Adomian method by expressing them as infinite series along with
expressing nonlinearities as Adomian polynomials (Adomian,1988) (Khuri,2001). These infinite series are substituted into the
transformed equations resulting in recursive relations which are then solved iteratively. This allows us to find the approximate
values of each compartment. In order to perform the numerical simulations we must restart the calculation using the LADM.
This is done with increasing time intervals and the accuracy of our method can be analysed by using smaller steps and

comparing to Radau ITA and LSODA.
Given the model solution via the application of Laplace Adomian Method
Consider the following system given by equation

%:A—[i’(l—s)SD—aSP—yS+yR+pR+nSC+aSC

& = (1 —DP—11P — pCP —YPU — P
o = pCP —1SC — 0SC — uC

< = YPU — nUR — pU

2 = B(1 - €)SD — ODP — xDe~MP — uD
dR

— = ODP +aSP +xDe ™P —yR — pR — uR + nUR

Take laplace of equation 1

FUDMA Journal of Sciences (FJS) Vol. 10 No. 24, December, 2026, pp 93 — 105
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L{D*.S(t)} =L{A—- (1 —&)SD —aSP — uS +yR + pR +nSC + d5C}
L{D%P(t)} = L{ro(1 — )P — 1P — pCP — hPU — P}

L{D%.C(0)} = L{¢CP — nSC — 6SC — uC}

L{D%.U(t) = L{$PU — nUR — U}

L{D%.D(t)} = L{B(1 — €)SD — ODP — xDe~MP — D}

L{D%.R(t)} = L{ODP + aSP + xDe ™P + AUR — yR — pR — uR}

©)

STS(t) = ST1S(0) + L{A — B(1 — £)SD — aSP — uS + YR + pR + 1SC + 6SC}
P
SeP(t) = S*1P(0) + L{ro(1 — E)P — 1P —@CP —yPU — uP}

SeC(t) =S*71C(0) + L{pCP — nSC — 0SC — uC}

SeU(t) = S1U(0) + L{yPU — nUR — uU}

SED(t) = S*1D(0) + L{B(1 — £)SD — ODP — xDe~MP — D}

S®R(t) = S*"1R(0) + L{ODP + aSP + xDe P + AUR — yR — pR — uR}
S(@) = S715(0) +%L{/l —/?(1 —&)SD — aSP — uS +yR + pR +nSC + 0SC}

1
P(t) = ST'P(0) + o5 L{ro(1 = )P — 1P — CP —PU — puP}
1
C(t) = S71C(0) +5a L{pCP —nSC — 0SC — puC}
1
U() =S"1U(0) + & LPU —mUR — U}
1
D(t) =S71D(0) + S_aL{ﬁ(l —&)SD — 8DP — xDe™MP — D}
1
R(t) = STIR(0) + S—aL{HDP + aSP + xDe™P —yR — pR — uR}
We can let S(t),P(t),C(t),U(t),D(t) and R(t) be in the form of infinite series;
S(t) = Zio SiP(8) = i PiC(t) = T CuU() = Tiso Ui D(8) = Tio Diand R(t) = T R;

The non-linear term involved in the model are

SED®).S®P().SE)C(D),C(EIP).PUE)UR(E).D(E)P(L)

And it can be decomposed by adomian below, Let;

S(ID(E) = o WiS(OP () = Zieo ZuS(C() = Ziep QiuC(OP(H) = Zio MiP(OU (L) = Tl ALUDR() =
Yo Band D(O)P(t) = T F;

Where WL,ZL,QL,ML,AL,BL, and F are adomian polynomial given by

. X
Wi = F(l+1)dt ZA Sx ZA D14
. X l
Zi= F(L+1)dt ZA Sx ZA

1
QL' r@i+1) dt [Zx =0 Ax S Zx OAl x]A

. X l.
M= F(l+1)dt ZA ZA

. X
A= F(l+1)dtz/1 PZAU
By = — Z/l" Z/l‘ 1
PTG+ Ddt *
Fim ZA"D ZA‘ 1A
PTG+ Ddt x

By Substituting we get

S(t) = S71S(0) + SiaL{A — B(1 — &)W, — aZ; — uS + YR + pR + nQ; + 00}
P(t) = S~1P(0) + %L{ro(l - ;)P — 1P — oM, — YA; — pP}
CW)=571C0) + 55 ;  L{pM, — 10, — 5Q; — KC}

U® = SO + o g —_ L{pA; — 7B; — pU}

D(t) =S7'D(0) + S—aL{/?(l — )W, — 6F; — xDe™MP — D}

FUDMA Journal of Sciences (FJS) Vol. 10 No. 24, December, 2026, pp 93 — 105
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1
R(t) = STIR(0) + S_aL{BFi +aZ; + xDe™MP —yR — pR — uR}

By using the initial conditions
S(0) = 61,P(0) = 6,,C(0) = 63,U(0)=6,,D(0) = 65,R(0) = b5
We have
S@) =2+ L{A— f(1 - W, — aZ; — S + YR + pR +1Q; + 0Q;}
P(t) =2+ L{rg(1 = D)P —11P — M; — PA; — uP}
6. 1
C) =2+ ZL{oM; —nQ; —0Q; — uC} @
U(t) =2+ L L{pA; - nB; — U}

D(t) =2+ L{(1 - )W, — OF; - xDe P — uD}

R(t) =% + L L{OF; + aZ; + xDe™™P — YR — pR — uR}

Take Iteration each term in eq. (3) to get the solution of each compartment and taking the laplace inverse gives formula for the

model
XiZoSia(®) =L7"
YiZoPipa(®) =L71
220 Cira () = L[5z L{oM; = 1Q; = 0Q; — uCY] 5
%20 Uisa (t) = L7 [ L{pA; — nB; — uU}] ©
220 Dia(8) = L [z L{B(1 — e)W; — OF; — xDe™P — uD}]

20 Ripa(8) = L [z L{OF; + aZ; + xDe™P — yR — pR — uR}]

Solving (4) by mathematica 11 software package, the followings were obtained;

L{A= B —e)W; —aZ; — uS +yR + pR +1Q; + 0Q;}]

5=
5z Lo (1 = DP —1yP — oM; = pA; — P}

When i=0
S = —t*(A+0,(—u—ab,+(M+0)03+(—1+€)05+(y+p) g
1= r(1+a)
p = —t%0, (= 1+K)rO—k(r +1)—k(pO3+10,
1= r(i+a)
C, = —t*(u+m+0)6,—96,)6;3
L=
r(i+a) 6
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Table 6: Step-Refinement and Solver-Validation Results for the Restarted Two-Correction LADM

LADM Maximum step Restart steps Maximum Scaled Maximum scaled

corrections (Years) Error:LADM vs Radau  Difference:Radau vs LSODA
i=0,1 0.005 2,000 8.20x107° 1.82x10711

i=0,1 0.0025 4,000 2.05x107° 1.82x10711

i=0,1 0.001 10,000 3.27x1077 1.82x10711

i=0,1 0.0005 20,000 8.19x10°8 1.82x10711
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RESULTS AND DISCUSSION

The numerical graphs portray the evolution of the
unemployed population, U(t), and of the corruption-frustrated
population, C(t), over a ten-year period and for different
parameter values; the curves remain non-negative throughout
the displayed interval. These are model scenario results and
as such are illustrative of the model's

Basic Reproduction Number and Sensitivity Analysis
With the updated base case parameter values, the basic
reproduction number is equal to Ro=0.0126874. As this value
is less than one, it satisfies the threshold condition for local
asymptotic stability of the brain drain free equilibrium.
Figure 2 displays the sensitivity indices of R 0. The sensitivity
index for the talent retention effectiveness is € = -9 whereas
both recruitment rate A and emigration rate § have sensitivity
indices of +1. As the sensitivity index is negative, we see that
the R 0 will decrease as we increase the effectiveness of talent
retention. From this we see that talent retention and domestic
recruitment would be key areas to look into.

Population Scenarios

Figure 3 shows the unemployment levels decrease over time
for the different returnee rate scenarios. As the returnee rate
value increases the curves diverge.

Figure 4 shows the corruption frustrated population
decreasing for the different talent retention scenarios. The
curves are very similar.

Figure 5 shows the corruption frustrated population
decreasing more quickly for higher anticipated reward values.
Figure 6 shows the corruption frustrated population
decreasing for the different media awareness scenarios. The
curves for the higher media awareness scenarios decrease
more quickly. Figure 7 shows the unemployment levels also
decrease for the different media awareness scenarios.

Figure 8 shows the corruption frustrated talented population
decreasing more quickly for higher values of ¢. This is due to
individuals being transferred from the corruption frustrated
population C to the source country talent pool S based on the
interactions.

Figures 3-8 show how the model can be used to compare
different scenarios. This could help government and policy
researchers understand what methods they could look into
further, such as improving domestic opportunities.

Numerical Analysis

Figure 9 shows how the maximum scaled error decreases as
the maximum step size is decreased. The maximum scaled
error decreases from 8.20 x 10 -6 when the step size was
0.005 years to 8.19 x 10 -8 when the step size was 0.0005
years. This is approximately a hundred times smaller. The
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maximum scaled difference between the Radau IIA and
LSODA is approximately 1.82 x 10 -11 which suggests that
both solutions are similar.

Figure 10 shows how the truncation error for the LADM
method compared to the Radau IIA solution behaves over the
time period. This shows how important it is to manage the
accumulation of the truncation error. When combined with
the information from Figure 9 we can see that the restarted
and step refinement LADM method can be used.

Conclusion

This study created a 6 compartment mathematical model to
represent brain drain dynamics. The model includes the
source country population, employed population, corruption
frustrated population, unemployed population, emigrants and
returnees. This model builds on the work of Adeniji et al
(2024) by including additional factors such as unemployment,
corruption frustration, anticipated rewards, talent retention
and media awareness. The model was analysed to investigate
its non-negative properties, boundedness, steady state
behaviour, basic reproduction number, sensitivity and
numerical solution.

With the updated base case parameters the basic reproduction
number becomes Ro = 0.0126874 which is less than one. This
means that the threshold condition for local asymptotic
stability of the brain drain free equilibrium is satisfied. The
sensitivity analysis shows that the talent retention
effectiveness is an important factor.

The scenarios show how increasing/decreasing talent
retention, anticipated rewards, media awareness, returnee
rates and the interaction coefficient between C and S will
affect the population levels within the model. This can be seen
by looking at the curves in the figures where the corruption
frustrated population and unemployment levels reduce over
time. The Radau IIA and LSODA solutions suggest that both
solutions are similar. Future work can be done to calibrate the
assumed parameters using suitable data and compare the
model against real population trends.

REFERENCES

Adeniji, A., Dansu, E., Adeniyi, M., Ale, S., Ekum, M.,
Shatalov, M., & Enoch, O. (2024). Japa model: A
mathematical framework for analyzing brain drain in Africa.
Scientific African, 25, Article ¢02329.
https://doi.org/10.1016/j.sciaf.2024.02329

Adomian, G. (1988). A review of the decomposition method
in applied mathematics. Journal of Mathematical Analysis
and Applications, 135(2), 501-544.
https://doi.org/10.1016/0022-247X(88)90170-9

Birkhoff, G., & Rota, G.-C. (1989). Ordinary differential
equations (4th ed.). John Wiley & Sons.

Czaika, M., Bijak, J., & Prike, T. (2021). Migration decision-
making and its key dimensions. The Annals of the American
Academy of Political and Social Science, 697(1), 15-31.
https://doi.org/10.1177/00027162211052233

Docquier, F., & Rapoport, H. (2007). Skilled migration: The
perspective of developing countries (IZA Discussion Paper
No. 2873). Institute for the Study of Labor.
https://docs.iza.org/dp2873.pdf

Hagen-Zanker, J., Hennessey, G., & Mazzilli, C. (2023).
Subjective and intangible factors in migration decision-
making: A review of side-lined literature. Migration Studies,
11(2), 349-359. https://doi.org/10.1093/migration/mnad003

Hairer, E., & Wanner, G. (1999). Stiff differential equations
solved by Radau methods. Journal of Computational and
Applied Mathematics, 111(1-2), 93-111.
https://doi.org/10.1016/S0377-0427(99)00134-X

Hindmarsh, A. C. (1983). ODEPACK, a systematized
collection of ODE solvers. In R. S. Stepleman (Ed.), Scientific

computing: Applications of mathematics and computing to
the physical sciences (Vol. 1, pp. 55—64). North-Holland.

Khuri, S. A. (2001). A Laplace decomposition algorithm
applied to a class of nonlinear differential equations. Journal
of Applied Mathematics, 1(4), 141-155.
https://doi.org/10.1155/S1110757X01000183

King, R., & Kuschminder, K. (Eds.). (2022). Handbook of
return migration. Edward Elgar Publishing.
https://doi.org/10.4337/9781839100055

LaSalle, J. P. (1960). Some extensions of Liapunov’s second
method. IRE Transactions on Circuit Theory, 7(4), 520-527.
https://doi.org/10.1109/TCT.1960.1086720

National Bureau of Statistics. (2023). Annual abstract of
statistics 2023.
https://microdata.nigerianstat.gov.ng/index.php/catalog/180/
download/1354/Annual_Abstract 2023.pdf

van den Driessche, P., & Watmough, J. (2002). Reproduction
numbers and sub-threshold endemic equilibria for
compartmental models of disease transmission. Mathematical
Biosciences, 180(1-2), 29-48.
https://doi.org/10.1016/S0025-5564(02)00108-6

@ ® @ ©2026 This is an Open Access article distributed under the terms of the Creative Commons Attribution 4.0

distribution, and reproduction in any medium, provided the original work is cited appropriately.

FUDMA Journal of Sciences (FJS) Vol. 10 No. 24, December, 2026, pp 93 — 105

International license viewed via https://creativecommons.org/licenses/by/4.0/ which permits unrestricted use,

105


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.sciaf.2024.e02329
https://doi.org/10.1016/0022-247X(88)90170-9
https://doi.org/10.1177/00027162211052233
https://docs.iza.org/dp2873.pdf?utm_source=chatgpt.com
https://doi.org/10.1093/migration/mnad003
https://doi.org/10.1016/S0377-0427(99)00134-X
https://doi.org/10.1155/S1110757X01000183
https://doi.org/10.4337/9781839100055
https://doi.org/10.1109/TCT.1960.1086720
https://microdata.nigerianstat.gov.ng/index.php/catalog/180/download/1354/Annual_Abstract_2023.pdf?utm_source=chatgpt.com
https://microdata.nigerianstat.gov.ng/index.php/catalog/180/download/1354/Annual_Abstract_2023.pdf?utm_source=chatgpt.com
https://doi.org/10.1016/S0025-5564(02)00108-6


  8 . 19 x 1  0  − 8


  1 . 82 x 1  0  − 11


         d S  d t = 𝛬 − 𝛽 ( 1 − 𝜀 ) S D − 𝛼 S P − 𝜇 S + 𝛾 R + 𝜌 R + 𝜂 S C + 𝜎 S C      d P  d t =   r 0 ( 1 −   P  K ) P −   r 1 P − 𝜑 C P − 𝜓 P U −   𝜇 P      d C  d t = 𝜑 C P − 𝜂 S C − 𝜎 S C − 𝜇 C      d U  d t = 𝜓 P U − 𝜋 U R − 𝜇 U      d D  d t = 𝛽 ( 1 − 𝜀 ) S D − 𝜃 D P − x D   e  − M D − 𝜇 D      d R  d t = 𝜃 D P + 𝛼 S P + x D   e  − M D − 𝛾 R − 𝜌 R − 𝜇 R + 𝜋 U R |


  N ( t ) = S ( t ) + D ( t ) + P ( t ) + C ( t ) + U ( t ) + R ( t ) ,


  𝛽


  2 . 198712676 × 1  0  − 11


  2 . 198712676 × 1  0  − 11


  𝛽 ( 1 − 𝜀 ) S D


  P e r s o   n  − 1 y e a   r  − 1


  𝛼


   10  − 12


  2 . 8868 × 1  0  − 12


  𝛼 S P


  P e r s o   n  − 1 y e a   r  − 1


   10  − 7


   10  − 7


  P e r s o   n  − 1 y e a   r  − 1


  y e a   r  − 1


    𝒓  𝒐


  y e a   r  − 1


    𝒓  𝟏


  y e a   r  − 1


  y e a   r  − 1


  𝜌


  y e a   r  − 1


    e  − M D


  P e r s o   n  − 1


  y e a   r  − 1


  𝜑


  1 . 758970141 × 1  0  − 9


  1 . 758970141 × 1  0  − 9


  p e r s o   n  − 1 y e a   r  − 1


  𝜂


  1 . 319227606 × 1  0  − 9


  1 . 319227606 × 1  0  − 9


  p e r s o   n  − 1 y e a   r  − 1


  𝜎


  1 . 099356338 × 1  0  − 9


  1 . 099356338 × 1  0  − 9


  y e a   r  − 1


  𝜋


  1 . 319227606 × 1  0  − 9


  1 . 319227606 × 1  0  − 9


  p e r s o   n  − 1 y e a   r  − 1


  𝜓


  1 . 978841 × 108  0  − 9


  1 . 978841 × 108  0  − 9


  p e r s o   n  − 1 y e a   r  − 1


    R 0


  𝛽


  𝛼


   10  − 6


    𝒓  𝒐


    𝒓  𝟏


   10  − 7


  𝜌


   10  − 6


  𝛺 + = { ( S , P , C , U , D , R ) ∈   R 6 : S , P , C , U , D , R ≥ 0 }


  0 ≤ 𝜀 ≤ 1


  ∈   𝛺 +


  𝛺 +


  S = 0 :   S . = ∧ + ( 𝛾 + 𝜌 ) R ≥ 0


  ∈   𝛺 +


    N h ( t ) = S ( t ) + P ( t ) + C ( t ) + U ( t ) + D ( t ) + R ( t )


    d   N h  d t = ∧ +   r 0 p ( l −   p  k ) −   r 1 p − 𝜇   N h


  p ≥ 0


    r 0 ≥ 0


    r 0 p = ( l −   P  K ) ≤   r o k 4 , −   r 1 p ≤ 0


    d   N h  d t ≤ 𝛬 +     r 0 k 4 − 𝜇   N h


  A = 𝛬 +   r 0   k 4


    N h ( t ) ≤   N h ( 0 )   e  − 𝜇 t +   A  𝜇 ( 1 −   e  − 𝜇 t ) ≤   m a x ⁡ {   N h ( 0 ) ,   A  𝜇 }


    N     m a x ⁡ { h   𝛬 +   r 0   k 4  𝜇  m a x


    d p  d t = p [   r 0 ( 1 −   p  k ) −   r 1 − 𝜑 c − 𝜓 U − 𝜇 ]


  U ≥ 0


    d p  d t ≤   r 0 p ( 1 −   p  k )


  p ( t ) ≤   p  m a x ,


    p   m a x ⁡ {  m a x ,


  𝛺 =  { ( S , P , C , U , D , R ) ∈     R + 6 : P ≤   P  M A X , S + P + C + U + D + R ≤   N  M A X }


  q = 𝛾 + 𝜌 + 𝜇


    . ∗ 


  0 = 𝛼   S ∗   P ∗ − q   R ∗ ,   R ∗ =   𝛼   S ∗   P ∗  q


  0 = 𝛬 − 𝛼   S ∗   P ∗ − 𝜇   S ∗ + ( 𝛾 + 𝜌 )   R ∗


    S ∗ =     𝛬   𝜇 ( 1 +   𝛼   P ∗  q ) ,   R ∗ =   𝛼   P ∗  q   𝛬 


    S ∗ =     𝛬   𝜇 ( 1 +   𝛼   P ∗  q ) ,   R ∗ =   𝛼   P ∗  q   𝛬 


      E 0 + =  (   𝛬  𝜇 ( 1 +   𝛼   P ∗  q ) ,   p ∗ , 0 , 0 , 0 ,   𝛼   p ∗  q   𝛬  𝜇 ( 1 +   𝛼   p ∗  q ) ) ,   p ∗ = k ( 1 −     r 1 + 𝜇    r 0


      E 0 + =  (   𝛬  𝜇 ( 1 +   𝛼   P ∗  q ) ,   p ∗ , 0 , 0 , 0 ,   𝛼   p ∗  q   𝛬  𝜇 ( 1 +   𝛼   p ∗  q ) ) ,   p ∗ = k ( 1 −     r 1 + 𝜇    r 0


    r 0 ≤   r 1 + 𝜇 ,   p ∗ ≤ 0


      E 0  ( 0 ) =  (   𝛬  𝜇 , 0 , 0 , 0 , 0 , 0 )


    C ∗


    S ∗ =   𝜑   P ∗ − 𝜇  𝜂 + 𝜎


    D ∗


  𝛽 ( 1 − 𝜀 )   S ∗ − 𝜃   P ∗ − x   e  − M D − 𝜇 = 0


    D ∗ = −  1  M I n  (   𝛽 ( 1 − 𝜀 )   S ∗ − 𝜃   P ∗ − 𝜇  x )


    𝛽 ( 1 − 𝜀 )   S ∗ − 𝜃   P ∗ − 𝜇  x


    D ∗


    U ∗


    R ∗ =   𝜓   P ∗ − 𝜇  𝜋


    D ∗ =   C ∗ =   U ∗ = 0


    S ∗ ,   P ∗ , a n d


    R ∗


    E 0 = (   S 0 ,   P 0 , 0 , 0 , 0 ,   R 0 )


  


    R 0


    p 0 = k  ( 1 −     r 1 + 𝜇    r 0 ) ,   r 0


    r 1 + 𝜇 ,   C ∗ =   U ∗ =   P ∗ = 0


    S 0 =   𝛬  𝜆  ( 1 +   𝛼   P 0  q + 𝜇 ) ,   R  r e t , 0 =   𝛼   S 0   P 0  q + 𝜇


    𝜕  𝜕 D ( x D   e  − M D D = 0


    s 0


    R 0 =   𝛽 ( 1 − 𝜀 )   S 0  𝜃   P 0 + x + 𝜇


    𝜆  P =   −   r 0   p 0  k ,   𝜆  C = 𝜑   p 0 − ( 𝜂 + 𝜎 ) − 𝜇 ,   𝜆  U = 𝜓   P 0 − 𝜋   R  r e t , 0 − 𝜇


    R 0


  𝜑   P 0


  ( 𝜂 + 𝜎 )   S 0 + 𝜇


  𝜓   P 0


  𝜋   R  r e t , 0 + 𝜇


    𝒚 𝒆 𝒂   𝒓  − 𝟏


    𝜆  C


    𝜆  U


    𝜆  D


    𝜆  P


    𝜆  S


    𝜆  R


    E 0 = (   S  0 ,   P 0 , 0 , 0 , 0 ,   R  R E T , 0 ) ,   P 0 = K ( 1 −     r 1 + 𝜇    r 0 ) ,   s 0 =   𝛬  𝜇  ( 1 +   𝛼   p 0  𝛾 + 𝜌 + 𝜇 ) ,   R  r e t , 0 =   𝛼   s 0   p 0  𝛾 + 𝜌 + 𝜇


  0 ≤ S ≤   S − , 0 ≤ P ≤   P − , 0 ≤ D ≤   D −


    S − ,   P − ,   D −


    𝛿  C = 𝜇 − 𝜑   P −


    𝛿  U = 𝜇 − 𝜓   P −


    𝛿  D = 𝜇 + x   e  − M D − b   S −


    E . = C ( 𝜑 P − a S − 𝜇 ) + U ( 𝜓 P − 𝜋 R − 𝜇 ) + D ( b S − 𝜃 P − x   e  − M D − 𝜇 )


    E . ≤ −   𝛿  c C −   𝛿  U U −   𝛿  D D ≤ − 𝛿 E


  𝛿 =   m i n ⁡   {   𝛿  c ,   𝛿  u ,   𝛿  D }


    W  P ( P ) = P −   P ∗ −   P ∗ I n (   p    p ∗ )


  p =   p ∗


      W .  P ( P ) = −     r  o  k ( p −   p ∗  ) 2 − ( p −   p ∗ ) ( 𝜑 C + 𝜓 U )


  Z = ( S −   S ∗ , R −   R ∗  )  T


  A =  (    − ( 𝛼   P ∗ + 𝜇 )  𝛾 + 𝜌   𝛼   P ∗  − ( 𝛾 + 𝜌 + 𝜇 ) )


    d e t ⁡ ( A ) = 𝜇 ( q + 𝛼   p ∗ )


    A  T H + H A = − I


    Z . = A z + f ( t ) ,


    f 1 ( t ) = − b S D − 𝛼 S ( P −   P ∗ ) + 𝛼 S C


   ‖ f ( t )  ‖ ≤ L ( E +  | P −   P ∗ | ) .


  W =   W  P +   Z  T H


    L 1 .


    W . ≤ − C ( ( P −   P ∗  ) 2 +    ‖ Z  ‖ 2 +   L 1 E  ( P − P  ) 2 +    ‖ Z  ‖ 2 .


    V . ≤ −   𝛿 2 E −   k c 2  ( ( p −   p ∗ ) +  ‖ Z    ‖ 2 )


    E  0 ,


    v = 0 .


  V ≥ 0


    E  0 ,


    E 0


  𝛺 ∩ { p ( 0 ) }


         d S  d t = 𝛬 − 𝛽 ( 1 − 𝜀 ) S D − 𝛼 S P − 𝜇 S + 𝛾 R + 𝜌 R + 𝜂 S C + 𝜎 S C      d P  d t =   r 0 ( 1 −   P  K ) P −   r 1 P − 𝜑 C P − 𝜓 P U −   𝜇 P      d C  d t = 𝜑 C P − 𝜂 S C − 𝜎 S C − 𝜇 C      d U  d t = 𝜓 P U − 𝜋 U R − 𝜇 U      d D  d t = 𝛽 ( 1 − 𝜀 ) S D − 𝜃 D P − x D   e  − M D − 𝜇 D      d R  d t = 𝜃 D P + 𝛼 S P + x D   e  − M D − 𝛾 R − 𝜌 R − 𝜇 R + 𝜋 U R |


       L {     D  𝛼  t S ( t ) } = L { 𝛬 − 𝛽 ( 1 − 𝜀 ) S D − 𝛼 S P − 𝜇 S + 𝛾 R + 𝜌 R + 𝜂 S C + 𝜎 S C }    L {     D  𝛼  t P ( t ) } = L {   r 0 ( 1 −   P  K ) P −   r 1 P − 𝜑 C P − 𝜓 P U −   𝜇 P }    L {     D  𝛼  t C ( t ) } = L { 𝜑 C P − 𝜂 S C − 𝜎 S C − 𝜇 C }    L {     D  𝛼  t U ( t ) = L { 𝜓 P U − 𝜋 U R − 𝜇 U }    L {     D  𝛼  t D ( t ) } = L { 𝛽 ( 1 − 𝜀 ) S D − 𝜃 D P − x D   e  − M D − 𝜇 D }    L {     D  𝛼  t R ( t ) } = L { 𝜃 D P + 𝛼 S P + x D   e  − M D + 𝜆 U R − 𝛾 R − 𝜌 R − 𝜇 R } |


    S  𝛼 S ( t ) =   S  𝛼 − 1 S ( 0 ) + L { 𝛬 − 𝛽 ( 1 − 𝜀 ) S D − 𝛼 S P − 𝜇 S + 𝛾 R + 𝜌 R + 𝜂 S C + 𝜎 S C }


  


  S ( t ) =   S  − 1 S ( 0 ) +  1    S  𝛼 L { 𝛬 − 𝛽 ( 1 − 𝜀 ) S D − 𝛼 S P − 𝜇 S + 𝛾 R + 𝜌 R + 𝜂 S C + 𝜎 S C }


  


  S ( t )


  P ( t )


  C ( t )


  D ( t )


  R ( t )


  S ( t ) =   ∑  i = 0  k    S  i


  P ( t ) =   ∑  i = 0  k    P  i


  C ( t ) =   ∑  i = 0  k    C  i


  U ( t ) =   ∑  i = 0  k    U  i D ( t ) =   ∑  i = 0  k    D  i


  R ( t ) =   ∑  i = 0  k    R  i


  S ( t ) D ( t )


  S ( t ) P ( t )


  S ( t ) C ( t )


  C ( t ) P ( t )


  P ( t ) U ( t )


  U ( t ) R ( t )


  D ( t ) P ( t )


  S ( t ) D ( t ) =   ∑  i = 0  k    W  i


  S ( t ) P ( t ) =   ∑  i = 0  k    Z  i


  S ( t ) C ( t ) =   ∑  i = 0  k    Q  i


  C ( t ) P ( t ) =   ∑  i = 0  k    M  i


  P ( t ) U ( t ) =   ∑  i = 0  k    A  i


  U ( t ) R ( t ) =   ∑  i = 0  k    B  i


  D ( t ) P ( t ) =   ∑  i = 0  k    F  i


    W  i


    Z  i


    Q  i


    M  i


    A  i


    B  i


    F  i


    W  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   S  x   ∑  x = 0  i    𝛬  i   D  x ] 𝜆


    Z  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   S  x   ∑  x = 0  i    𝛬  i   P  x ] 𝜆


    Z  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   S  x   ∑  x = 0  i    𝛬  i   P  x ] 𝜆


    Q  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   S  x   ∑  x = 0  i    𝛬  i   C  x ] 𝜆


    M  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   C  x   ∑  x = 0  i    𝛬  i   P  x ] 𝜆


    A  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   P  x   ∑  x = 0  i    𝛬  i   U  x ] 𝜆


    A  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   P  x   ∑  x = 0  i    𝛬  i   U  x ] 𝜆


    B  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   U  x   ∑  x = 0  i    𝛬  i   R  x ] 𝜆


    B  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   U  x   ∑  x = 0  i    𝛬  i   R  x ] 𝜆


    F  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   D  x   ∑  x = 0  i    𝛬  i   P  x ] 𝜆


    F  i =  1  𝛤 ( i + 1 )   d i  d t [   ∑  x = 0  i    𝛬  x   D  x   ∑  x = 0  i    𝛬  i   P  x ] 𝜆


  S ( t ) =   S  − 1 S ( 0 ) +  1    S  𝛼 L { 𝛬 − 𝛽 ( 1 − 𝜀 )   W  i − 𝛼   Z  i − 𝜇 S + 𝛾 R + 𝜌 R + 𝜂   Q  i + 𝜎   Q  i }


  


  S ( 0 ) =   𝜃 1


  P ( 0 ) =   𝜃 2


  C ( 0 ) =   𝜃 3


    𝜃 4


  D ( 0 ) =   𝜃 5


  R ( 0 ) =   𝜃 6


       S ( t ) =     𝜃 1  S +  1    S  𝛼 L { 𝛬 − 𝛽 ( 1 − 𝜀 )   W  i − 𝛼   Z  i − 𝜇 S + 𝛾 R + 𝜌 R + 𝜂   Q  i + 𝜎   Q  i }    P ( t ) =     𝜃 2  S +  1    S  𝛼 L {   r 0 ( 1 −   P  K ) P −   r 1 P − 𝜑   M  i − 𝜓   A  i −   𝜇 P }    C ( t ) =     𝜃 3  S +  1    S  𝛼 L { 𝜑   M  i − 𝜂   Q  i − 𝜎   Q  i − 𝜇 C }    U ( t ) =     𝜃 4  S +  1    S  𝛼 L { 𝜓   A  i − 𝜋   B  i − 𝜇 U }    D ( t ) =     𝜃 5  S +  1    S  𝛼 L { 𝛽 ( 1 − 𝜀 )   W  i − 𝜃   F  i − x D   e  − M D − 𝜇 D }    R ( t ) =     𝜃 6  S +  1    S  𝛼 L { 𝜃   F  i + 𝛼   Z  i + x D   e  − M D − 𝛾 R − 𝜌 R − 𝜇 R } |


         ∑  i = 0 ∞    S  i + 1 ( t ) =   L  − 1 [  1    S  𝛼 L { 𝛬 − 𝛽 ( 1 − 𝜀 )   W  i − 𝛼   Z  i − 𝜇 S + 𝛾 R + 𝜌 R + 𝜂   Q  i + 𝜎   Q  i } ]      ∑  i = 0 ∞    P  i + 1 ( t ) =   L  − 1 [  1    S  𝛼 L {   r 0 ( 1 −   P  K ) P −   r 1 P − 𝜑   M  i − 𝜓   A  i − 𝜇 P } ]      ∑  i = 0 ∞    C  i + 1 ( t ) =   L  − 1 [  1    S  𝛼 L { 𝜑   M  i − 𝜂   Q  i − 𝜎   Q  i − 𝜇 C } ]      ∑  i = 0 ∞    U  i + 1 ( t ) =   L  − 1 [  1    S  𝛼 L { 𝜓   A  i − 𝜋   B  i − 𝜇 U } ]      ∑  i = 0 ∞    D  i + 1 ( t ) =   L  − 1 [  1    S  𝛼 L { 𝛽 ( 1 − 𝜀 )   W  i − 𝜃   F  i − x D   e  − M D − 𝜇 D } ]      ∑  i = 0 ∞    R  i + 1 ( t ) =   L  − 1 [  1    S  𝛼 L { 𝜃   F  i + 𝛼   Z  i + x D   e  − M D − 𝛾 R − 𝜌 R − 𝜇 R } ] |


         S 1 =   −   t  𝛼 ( 𝜆 +   𝜃 1 ( − 𝜇 − 𝛼   𝜃 2 + ( 𝜂 + 𝜎 )   𝜃 3 + ( − 1 + 𝜀 )   𝜃 5 + ( 𝛾 + 𝜌 )   𝜃 6  𝛤 ( 1 + 𝛼 )      P 1 =   −   t  𝛼   𝜃 2 ( ( − 1 + k ) r 𝜃 − k (   r 1 + 𝜇 ) − k ( 𝜑   𝜃 3 + 𝜓   𝜃 4  𝛤 ( 1 + 𝛼 )      C 1 =   −   t  𝛼 ( 𝜇 + ( 𝜂 + 𝜎 )   𝜃 1 − 𝜑   𝜃 2 )   𝜃 3  𝛤 ( 1 + 𝛼 )      U 1 =   −   t  𝛼   𝜃 4 ( 𝜇 − 𝜓   𝜃 2 + 𝜋   𝜃 6 )  𝛤 ( 1 + 𝛼 )      D 1 =   −   t  𝛼 x   e  − M D ( x   e  M D ( 𝜇 + 𝛽 ( − 1 + 𝜀 )   𝜃 1 + 2 𝜃   𝜃 2 )   𝜃 5 +   𝜃 6  𝛤 ( 1 + 𝛼 )      R 1 =   −   t  𝛼 x   e  − M D (   𝜃 6 + x   e  M D (   𝜃 2 ( 𝛼   𝜃 1 + 𝜃   𝜃 5 ) − ( 𝛾 + 𝜇 + 𝜌 − 𝜋   𝜃 4 )   𝜃 6  𝛤 ( 1 + 𝛼 ) |


  8 . 20 x 1  0  − 6


  1 . 82 x 1  0  − 11


  2 . 05 x 1  0  − 6


  1 . 82 x 1  0  − 11


  3 . 27 x 1  0  − 7


  1 . 82 x 1  0  − 11


  8 . 19 x 1  0  − 8


  1 . 82 x 1  0  − 11

